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Abstract. This paper deals with the irreducible highest-weight module L{A) of quantum group
U, (B2) when g is a oot of unity. The character of £.(A) bas been obtained in one of the cases.
As & consequence, its dimension has also been obtained, In addition, a centre element of U (B2)
has been found in explicit form.

1. Introduction

As the quotient module of the Verma module V(&) of Uz(g), the irreducible highest-weight
module L(A) is always one of the most interesting subjects in representation theory. In
this paper, we will discuss the Verma module V(}) of U,(B2) in section 1. The explicit
expression of singular vectors under the canonical basis contained in V(1) has been given
when g% = 1. The embedding relations of the Verma proper submodule has been partly
discussed. In section 2, the character of irreducible highest-weight module L (A} has been
determined. As a consequence, its dimension has also been obtained.

2. Verma module of U,(B>)
The quantum group U, (B;} with Cartan matrix

a=@=(2 7

is an associative algebra over the fraction field C(g), where g is an indeterminate. Its
generators are E;, Fy, Ky, K 1i = 1,2 and the defined relations are

(KK =K7R =1
KiK; = K K;
K:EK' = g} E;
KRR =q " F;
EFy - FE =8y(Ki — K7/ (@ — a7 (1)
ea
Zﬁ W[ %]-E&Eﬁ””=0 ]
s=0 4
2 PRl = J
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for i, j = 1,2, where d) = 1,dy = 2, g; = g%; the Gaussian binomial coefficients are

[ " :l = {n]g 1/ [mlan — mla! forn,melN
m d:

defined by [nly = (g — ¢7")/(g: — ¢;") and [nlg! = [Algfn — 4. . 214011, Tn
particular, put (n]y, = [n] if & = 1.
Lusztig [2] gives the canonical basis over C(g):

(P ER PO B KRR ES ER B, El ey, i € T, ] €2,1Ki <4, 7= 1,2}

where

En=q 2 E\E; — B2y Enp = [217(E\Erp — EzEY)
Fip =g*FF ~ FiFy Fua = [2)Y(FioFy — F Fpp).

De Concini and Kac [1] find the method to compute the centre elements of quantum,
group U, (g) for complex simple Lie algebra g. Using their method, we can get all of the
centre elcments of U,{g). For instance, taking the initial term oo = {g* K2}y +{g* K2 K24,
we get the explicit expression of the quadranc Casimir element C of Uy(By) (see [1],
section 2)

= (a*Ka)g + (@' KT Ka)y + (¢ —~ 4 VL Ki Koy FLE + [P Ry
— g7 — g K A BREn + q(g° — ¢ DK Fla B2 By
+{g - q Vg K1Yy FruBra — (@ — ¢~ PR FuEnE;
—~q(g* — g DR\ FEu + 47 (¢* — g ) FinEnE + R2PFnEn (2)
where

) = a4xh
T g —q

Using a fully different method, Zhang et al {4] have also obtained the same expression with
a different constant term.

The Verma module V(1) with the highest-weight A of quantum group U,(B;) is
generated by the so-called maximal vector vy such that B; - vy = G, K; - vy = q("‘f“’"vo
i = 1,2. From the canonical basis of U;{B,), we can get the basis of V{A) easily

(FHFR FB R )l € Zso, 1 < < 4

The vector v; € V()) is called the singular vector if v; is not its maximal vector vg
and E;-v, =0,i =1, 2. Obviously, if v, € V(L) is a singular vector, then it can generate
a proper Verma submodule of V{.). Thus we have

Theorem [.I. The Verma moduie V{4) is irreducible if and only if it does not contain any
singular vector ;.

For generic ¢, De Concini and Kac [1] pointed out that Verma module V(A) of U,(g)
is trreducible if and only if 2(A 4+ p|8) # (B18) for all m € N and positive root 8, where
p is half of the sum of all positive roots of Lie algebra g.

But if g is the Nth primitive root of unity (for simplicity, let ¥ be odd), then
FY, R, FX, FY belong to the centre subalgebra of U, (B,). Thus Fy il plall plal gl
V(,) must be the singular vector, where k; € Zyo are not all zero. We will call them the
singular vectors of type 1. Therefore if g is a root of 1, the Verma module V(1) is always
reducible.
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Theorem 1.2. Let V(i) be the Verma module with the highest weight A. If ¢ is the Nth
root of 1 and N is odd, then the congruence equations associated with the Verma module

Vn)
200 + plB) = r:(Bi 1B} (mod N) i=1,2,34 (3)
(where B; = o, B2 = 201 + 002, Bz = o1 + a3, Ba = o2, 0y is the short root, w2 is the

long root of B) have non-zero solution r; if and only if the Verma module V(1) contains
one-dimensional singular vector »§? which is not of type 1.

Proof. Putv® in the form of the canonical basis. Solve the equations E;v{? = 0, j = 1, 2.
We can get the explicit expression of one-dimensional singular vector v as follows:

()
oM = Fl'y, 2 = oM (r)vo v® = 9P trs)vo v = Fi'uo
where
2!1

W=, Y. eeoF" T FlpF R

5=0 02 <5,5Kra+t
the coefficients agrn € C(g) satisfy the relations
Asare) = Asp@HVTHF D2 — s + ][R + 1 = s/[200s — 22 + 1] )
A ety = Ay TV I[2R0(s — 20)][s — 28 — 11/[2(r2a — s + £+ DI2¢ + 1)] 6]

0 - 2 - .
and ¢ (r3) = Y70 Yoenes U FU FinFiy F{“ . the coefficients agy € Clg)
satisfy the relations

At gy = A ng T H Dy _l(Aey) + 5 — 25 + 2t + 1/[2Ms — 2t + 11 (6)
s sty = e pyg =M= C=BHAD IR0 960c 2 1]/[(Mon) +rs =25+ 26+ 3]12(+ 1],
Q)

Remark. Dobrev [3] has got the explicit formula for the singular vectors of V(A) of
quantum group U, (g) for complex simple Lie algebra g under another basis.

Replacing vp by v, we can find the new gencration v\’ of singular vectors, etc. If
the congruence equation (3) has zero solution, then the corresponding singular vector is of
type L.

Denote by V¥ the Verma submodule generated by v(‘) and by V) the Verma
submodule generated by v$%’ and so forth.

It is clear that we have the partly embedding relation of proper Verma submodules
according to the relations of singular vectors.,

Theorem 1.3. If the solutions r; (1 < i < 4) of the congruence equatmns (3) satisfy
Q<ri<N,rs=r+riandr3=r; +2r4, then

i viuo L TAQREER i)

iy VO Ny 5 y(2 4 yed

(iii) VD Ny 5 v@ 4 v®

(iv) VR Ny o yasy

Proof. It is clear for (i). Note that there are the relations of the singular vectors v{*? =

(41) e VN v® and ’0(43) = v(14) e vin V(4J U(2J = 9(123] — 0(431] e yidn V(43) and
1:(3) = p{B% = (1% ¢ ya V(43} {154 = 1,(24) = .,,(31) e VO VO, The arguments
(11) (iii) and (iv) hold
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3. Irreducibie module Z(A)

If the Verma module V(A) is reducible and J is its maximal proper submodule, then the
quotient space L(A) = V(A)}/J as a U, (B2)-module is an irreducible highest-weight module.

Theorem 2.1. In the condition of theorem 1.3, the maximal proper submodule of V(i) of
Uy(B) is VD 4 v,

Proof. 'We only need to prove that all of the singular vectors of type 1 are contained in the
maximal proper submodule V) + V@ of V(1). Tn fact, we have Fl¥vg = v{!V, FlVv =
v, FNF¥vy = vf, and FA¥ F¥ vy = v?2. On the other hand, Fi}*™vg and F{i7™* g
belong to V) + V&, So Fl¥wy, Fiiyvo € VO + V® for ri +rs < N.

Therefore, the irreducible module Z(A) = V(A)/(VD + V), But VI + v® s not
the direct sum of vector spaces V) and V. Furthermore, we have:

Lemma 2.2. Let g be the Nth root of 1 and N is odd. V(A) is the Verma module with
the highest weight A. If the equations (3) have the solutions 0 < r; < N (1 < i £ 4), such
that r; = ry + rg, 3 = ry + 274, then '

G vOAvEe = a2 L pe)

(i) vO2nvEd) = y@ 4 ye

{iii) V@ N vE = yasa,

Proof. We have VD 0 v® o vU2 1 y#3) by theorem 1.3. But every singular vector
contained in V' N V® must be in V2 + VE), 50 (1) holds. Similarly, we can prove (ii)
and (i),

As we know that the character of Verma module V(&) of U,(B3) is

chV(2) = ((1 ~ 1)1 = 1)1 — 1)1 — )~

so we have
chV® = £1chV (1) chV® = f*chV (1)
chV (2 = (255 eh v (3) chV @ = (1 ek v (1)
chV® =t ninchyay T chV® = gty ()
and

chv (23 — Il2(r;+r4)t£1+2r4 chV(A).
Thus by lemma 2.2 the character of L(A) is
chL(X) = chV(3) — chV® — chv™® + chV 32 4 chv @} — chv® — chV® 4 chV {1234
= chV(A)(L — £f' — £ + £F2 s o 147 — Rt fitn
. t1r1+2r4t£1+2r4 + t]Z(r|+r4)t£l-§-2r4)'
Theorem 2.3. Let g be the Nth root of 1 and N be an odd integer. If the congruence

equations (3) have the solutions 7; such that 0 < r; < N, 2 =ri+rqand s =r; + 2rg,
then the character of the irreducible U, (B2)-module L(3) is

n=1 ry p-lu-l ri—l s=1 ratg—n=1rs—1

chL() = 3 Y S #@ny@ny g + Yy 3 Y HEn) nn) .

s=0 u=1 p=0w=0 =1 u=0 p=D0 w=0
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Proof. We have
1= r;l + t;‘1+2rct +t n+r4 _ t12(?'1+r4)t2n+r4 zr:+2r4tr|+2r4 + 2‘2(?'1+J"4:)fn-+-2r4

n=1 rn wu—1 u—1

= (1 —a)(1 = )1 ~an)(1 - tz)[ I IPIACTI MG Shn’

§=0 u=1 p=0w=0

+ZZ E PIRHGORCTIR

=1 s=1 rsts—u==1ry=1 }
s=1 a=0 p=0 w=0

Corollary. dim L(A) = T1r2r3 ra.

Proof. By theorem 2.3, we have

r—1s=1

dim L(A) = nry Zu +ZZr4(r4+s — i)

s=1 u=0

ri(ri —1)

=dri(r + 1)(2?‘4+1)+?’4 5

thrary — Dri(2ry — 1)+ Srari (= 1)
= In@r 4+ r)d(n +2r)rg

= %r1r2r3r4.
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