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Abstract. This paper deals with the irreducible highest-weight module L(h) of quantum group 
U,(&) when q is a root of unity. The character of L(A) has been obtained in one of the cases. 
As 9 consequence, its dimension has also been obtained. In addition, a cenee element of Uq(B2) 
has been found in explicit form. 

I 

1. Introduction 

As the quotient module of the Verma module V(A) of U,@), the irreducible highest-weight 
module Z(A) is always one of the most interesting subjects in representation theory. In 
t h i s  paper, we will discuss the Verma module V(A) of Uq(B2) in section 1. The explicit 
expression of singular vectors under the canonical basis contained in V(h)  has been given 
when qN = 1. The embedding relations of the Verma proper submodule has been partly 
discussed. In section 2, the character of irreducible highest-weight module L(h) has been 
determined. As a consequence, its dimension has also been obtained. 

2. Verma module of U&) 

The quantum group U,(&) with Cman matrix 

0305~70/94/W2401+05$19.50 0 1994 IOP Publishing, Ltd 2401 



2402 

for i. 

Shanyou Zhou 

= I, 2, where dl = 1, d2 = 2, qi = q4;  the Gaussian binomial coefficients are 

=[n]d,! / [m]d,![n-m]d,!  forn ,m E N  [:I, 

Using a fully different method, Zhang etnl [4] have also obtained the same expression with 
a different constant term. 

The Verma module V ( h )  with the highest-weight h of quantum group U,(&) is 
generated by the so-called maximal vector uo such that Ei . WO = 0, Ki . WO = q@lUi)uo. 
i = 1,2.  From the canonical basis of U,(&), we can get the basis of V(h) easily 

(FFFfi&F:uoIki E Z ~ O ,  1 < i < 4). 

The vector w, E V(h) is called the singular vector if ws is not its maximal vector WO 
and E; . ws = 0, i = 1,2. Obviously, if w, E V(h)  is a singular vector, then it can generate 
a proper Verma submodule of V(h).  Thus we have 

Theorem 1.1. The Verma module V(A) is irreducible if and only if it does not contain any 
singular vector w,. 

For generic q ,  De Concini and Kac [l] pointed out that Verma module V(h)  of U,&) 
is irreducible if and only if 2(h + PIP) # (BIB) for all m E N and positive mot ,9, where 
p is half of the sum of all gositive roots of Lie algebra g. 

then 

V(h)  must be the singular vector, where ki E Z ~ O  are not all zero. We will call them the 
singular vectors of type 1. Therefore if q is a root of 1, the Vema module V(h)  is always 
reducible. 

But if q is the Nth primitive root of unity (for simplicity, let N be odd Fy. F&, FE, FT belong to thecentresubalgebraof V,(Bz). Thus Fl kiN F,,, BN F12 kiN F2 !?N uo E 
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Theorem 1.2. Let V(h) be the Verma module with the highest weight h. If q is the Nth 
root of 1 and N is odd, then the congruence equations associated with the Verma module 
V(M 

2(h+plPi) =ri(,!IiI,si)(modN) i =  1,2,3,4 (3) 
(where 81 = al. 82 = 2n1 + nz, 83 = .a1 + a2, 84 = a2, 011 is the short root, 012 is the 
long root of Bz) have non-zero solution ri if and only if the Verma module V(h) contains 
onedimensional singular vector w?) which is not of type 1. 

Proof. Put w:) in the form of the canonical basis. Solve the equations Ejuf) = 0, j = 1,2. 
We can get the explicit expression of one-dimensional singulax vector U!) as follows: 

$) F;' WO w:') = (o(" ( r 2 ) ~ o  wi3) = @(r3)wO UP = F?V, 

where 
2 n  

s a  O<2<.vS,S<r?+l 

2lilFf FS-2cF"-'+f ( o 3 r z )  = c a(S,l)Fl 112 12 2 

the coefficients a(,,r) E C(q) satisfy the relations 

a(s+l.l) = %.1)4 2 - s + t)l[(hlad + 1 - sl/[2l[s - 2t + 11 (AlCI,)+2(h--Str--l) [2(r (4) 

(5) aw+i) = a w q  -2(~-st2)[2~2[(s - 2t)lts - 2t - 11/[2(rz - s + t + 1)][2(t + I)] 

and P$')P~) = C~=o=OCOGz~Gs~~~ , t~~~-S~112  1 Fs-7.1 p1 S t l  F~ - , the coefficients a($-,) e c ( q )  
satisfy the relations 

(6) a(s+l,t) = a(s.l)q 

U ( ~ , ~ + I )  = a(~,l)q-(alnl)-(~-2't4;+1)[2]z[s -Zt][s -2 - l]/[(Alal) +r3 - 2r +2t +3][2(t + l)]. 
(7) 

Remark. Dobrev [3] has got the explicit formula for the singular vectors of V(1) of 
quantum group U,&) for complex simple Lie algebra g under another basis. 

Replacing WO by U:), we can find the new generation wfj) of singular vectors, etc. If 
the congruence equation (3) has zero solution, then the corresponding singular vector is of 

Denote by V(')  the Verma submodule generated by wf) and by V('j) the Verma 

It is clear that we have the partly embedding relation of proper Verma submodules 

r3 - s][(hIa~) + r3 - 2s + 2t + 1]/[2l[s -2 t  + 11 (AlCId+2(3-$+f-l) [ 

type 1. 

submodule generated by w?) and so forth. 

according to the relations of singular vectors. 

Theorem 1.3. 
O<ri  <N, r2=r l+ r4andr3=r l+2r4 , then  

If the solutions ri (1 < i 6 4) of the congruence equations (3) satisfy 

(i) V(h) 2 v(') + V4) 
(ii) ~ ( 1 )  n ~ ( 4 )  2 ~ ( 1 2 1  + ~ ( 4 3 )  

(iii) ~ ( 1 2 )  n ~ ( 4 3 )  3 v 0  + ~ ( 3 )  
(iv) VW n ~ ( 3 )  2 ~ ( 1 2 3 4 ) .  

Proox It is clear for (i). Note that there are the relations of the singular vectors ~ 4 ~ ~ )  = 

vs V, ws ws 1 us 
(ii), (iii) and (iv) hold. 

WA41) E V(1) n V(4) and 443)  = 4 4 )  E V(l) n V(4); UAz) = (123) = (431) E ~ ( 1 2 )  n y(43) and 
(3) = (432) = (IN) E V('2) V(43); (3234) = = (31) E V(2) n V(3). The arguments 

vs 
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3. Irreducible moduIe L(A) 

If the Verma module V(A) is reducible and J is its maximal proper submodule, then the 
quotient space L(A) = V(A)/J as a U,(&)-module is an irreducible highest-weight module. 

Theorem 2.1. In the condition of theorem 1.3, the maximal proper submodule of V(A) of 
U,(&) is v(') + v"). 
Proof. We only need to prove that all of the singular vectors of type 1 are contained in the 
maximal proper submodule V(') + V") of V(A). In fact, we have F;vo = vi11), F:vo = 
vi"). F?F:vo = wf3), and F:NF;wo = vf". On the other hand, F;;+"vO and F;;p-'v0 
belong to V(') + V". So FGvo, F:zvo E V(') + 

Therefore, the irreducible module L(A) = V(A)/(V(') + V")). But V(') + V(4) is not 
the direct sum of vector spaces V(') and V"). Furthermore, we have: 

Lemma 2.2. Let q be the Nth root of 1 and N is odd. V(A) is the Verma module with 
the highest weight A. If the equations (3) have the solutions 0 < ri c: N (1 < i 6 4). such 
that r:! = rI + r4, r3 = rr + 2 4 ,  then 

for rl + r4 < N .  

(i) ~ ( 1 )  n ~ ( 4 )  = ~ ( 1 2 )  + ~ ( 4 3 )  
(ii) ~ ( 1 2 )  n ~ ( 4 3 )  = ~ ( 2 )  + ~ ( 3 )  

(:if) ~ ( 2 )  n v0) = $1214). 

Proof. We have V(I) n V(4) 3 V(") + V(43) by theorem 1.3. But every singular vector 
contained in V(') n VC4) must be in V(lz) + V(43), so (1) holds. Similarly, we can prove (ii) 
and (iii). 

As we know that the character of Verma module V(A) of U,(&) is 

chV(A) = ((1 - ti)(l - t?tz)(l - t l tz)(l  - tz))-' 

so we have 

chV(') = t;lchV(A) c ~ V ( ~ )  = t;"chV(A) 
chV(43) = n+r+chV(A) chV('" = t;'+%;chV(A) tl t2 

&V@) = 4 z(r i+r4)  tz "+r4chV(A) . chvo) = t;l+z'4t~+Zr4~hV(A) 

and 
ch~(1Z34) - :!(ri+d "+??4chV(i).). - *I tZ 

Thus by lemma 2.2 the character of Z(A) is 

chL(A) = chV(A) - chV(l) - chV" + chV"" + c ~ V ( ~ ~ )  - ChV" - chV") + C ~ V ( ' ~ "  
= chV(A)(l - ?;' - t;" + t;'+'ht; + t ~ t 2 + r ~  - t;(rx+rdt;l+u 

- q + z m  r1+2rr + ,;cr,+r4, ,,+*a 4 tz 1. 
Theorem 2.3. Let q be the Nth root of 1 and N be an odd integer. If the congruence 
equations (3) have the solutions ri such that 0 < rj < N ,  rz = rl + r4 and r3 = T I  + 34, 
then the character of the irreducible U,(B:!)-module L(A) is 



Comllary. dim L(A) = ir1r2r3r4. 

Pmof. B y  theorem 2.3, we have 
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